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ISABEL DOTTI DE MIATELLO 4. The slice representation of Gί_ 2 normal to a principal orbit is θ k+d+2 .
Suppose now that K is a closed subgroup of G, G a compact Lie group, M a, G-manifold and M {κ) the set of points on orbits of type G/K. Under this hypothesis it is proved in Bredon [3] that the orbit map M [κ) -> M iκ) /G is a fiber bundle projection with fiber G/K and structure group N(K)/K. DEFINITION (u, v) > (\u\ 2 + \v\\ \u\* -M 2 , 2(u, v) ) .
Notice that K(d) is a positive solid cone, diffeomorphic outside the origin to the half space R
2* Complex and quaternionic Stiefel manifolds* We shall now apply the results of the preceding section to the unitary and simplectic groups acting on the Stiefel manifold F %+A:+2 , 2 (C), V n+k+2>2 (Q) where F w+fe+2 , 2 
) we will denote the standard embedding of U{n) (Sp(ri)) into U(n + k + 2) (Sp(n + k + 2)), and by
the restriction to U(n) c U(n + k + 2)(Sp(n) c Sp(w + fc + 2)) of the action given by left multiplication. 2 (C) contains elements that satisfy any of the above conditions, the first condition of Definition 1.1 is satisfied. Using the implicit function theorem it is not hard to see that the tangent space to V n+k+2f2 (C) at a fixed point, say
given by 2σ n + θ 4k+i . Similar arguments apply to the slice representations. Since V n+k+2 , 2 (C) contains a principal orbit of C n x C n x C k+2 x C fe+2 , its bundle of principal orbits is a subbundle of that of C n x C n x C fc+2 x C* +2 which is trivial (Theorem 1.1). Therefore U(n + k + 2)/U(n + k) is a π-biaxial ?7(^) manifold. The proof in the simplectic case is completely analogous.
All the proofs in this section will be carried out for the unitary case since the simplectic case can be dealt with in a similar way.
Suppose that θ: G x Af-> M is a smooth action of a Lie group G on a smooth manifold M. The orbit map π: M -> M/G induces a functional structure on M/G which we call the induced functional structure. Thus a function / on an open set UczM/G to R is called smooth iff foπ:π~ι(U)->R is smooth. From Theorem 1.1 it follows that the orbit space of a biaxial manifold with the induced functional structure is a smooth manifold except at the fixed point set.
The next theorem characterizes the orbit space of the (C) (V n+k+2ί2 (Q) ) is diffeomorphic to X(C) (X(Q) 2 ) belongs to V n + k+2>2 (C) and hence φ is surjective. Since in C k+2 x C k+2 the C°° functional structure is the same as the one induced from the projection p 2 :
Note that the fixed point set of the U(n) action on V n+k+2 , 2 (C) is diffeomorphic to U(k + 2)/U(k) and the image under φ is the set
Proof. It is not hard to check that the function /:
where α denotes the real number
is a homeomorphism onto X(C).
3* The pullback construction• The main result of the theory of 7r-biaxial actions (Bredon [4] ) gives a one to one correspondence between Gί π-biaxial manifolds with orbit space diffeomorphic to a fixed manifold X and framed cobordism classes of framed submanifolds of dX cobounding the fixed point set. As a consequence we have that to U(n): U(n + k + 2)/U(n + k) corresponds [F 4fc+5 , JΠ where [ F 4/k+5 , a^\ denotes the framed cobordism class of a framed submanifold of d(X(C)) cobounding Σ(C).
Our objective now is to characterize V 4k+5 and ^7 Let τ:
\\ -2(w lf w 2 }) .
It is easy to see that τ is transverse regular to zero therefore there exists a neighborhood about (w u w 2 ) e Σ(C) diffeomorphic to
, where τ is just the projection on the second factor. Now X(C) = τ'\K (2)) where JSΓ (2) is the image of π 2 : C* x C» -> R x iί x C ( § 1), so in X(C), about (w lf w 2 ) 6 Σ(C) we have a neighborhood diffeomorphic to U x iΓ (2) where τ is just the projection.
Proof. Transverse regularity is clear at zero so we may confine our attention to points (w u w 2 ) such that | w 1 1 2 < 1, | w 2 1 2 = 1 and (w u w 2 ) = 0. For these points we observe that / cos t sin t
are curves in dX such that the tangent vectors to τ°Ίi i -1, 2 at £ = 0 span the normal space at τ{w 19 w 2 ).
We will denote by F ifc+ \ the inverse image under τ of iϋ
It follows from Proposition 3.1 that V 4k+δ is a submanifold of dX with trivial normal bundle.
Let &l denote the standard framing of 
By an analogous argument to the one in § 9 of Bredon [2] it suffices to prove that the following diagram
is a pullback diagram in the differential category. Here φ stands for projection on the last two coordinates and π 2 is the map defined in § 1. Clearly V n+k+2)2 (C) is a pullback in the topological sense. Since the derivative of π 2 is surjective except at the origin and τ is transverse regular to zero, the map π 2 x τ is transverse regular to the diagonal. Hence the above diagram is a pullback diagram in the differential category.
Let M be an O(2n) biaxial manifold. The restriction of σ 2n :
The most important result about restrictions of π-biaxial actions is proved in Bredon [4] . The theorem relates characteristic membranes (i.e., framed submanif olds of the boundary of the orbit space cobounding the fixed point set) of the 0{2n) action and its restriction to U(n). The statement of the theorem is the following:
is diffeomorphic to (W, Σ), and the characteristic membrane is VadW, then the restriction to U(n) gives a U(n) π-biaxial manifold with orbit space diffeomorphic to (W X I, Σ) {corners straightened) and characteristic membrane
VadWad(WxI) with the framing extended by the positive normal field of dW in d(Wx I). Now we apply the theorem to our particular case. We proved ( §2) that
) was diffeomorphic to (X(C), Σ(C)). Assume there exists a π-biaxial O(2n) action on U(n + k + 2)/ U(n + k). Let us denote by Y the orbit space (U(n + k + 2)/ U(n + k))/0(2n), with Z the fixed point set (U(n + k + 2)/U(n + k)) 0{2n) and with [V, J?~\ the characteristic membrane of the extension.
Because of Theorem 3.1 we have that, after smoothing the corners, (Y x I, Z) is the orbit space, and fixed point set of the
if the O(2n) action is an extension of the original of U(n): U(n + k 4-2)/U(n + k) then (Y x /, Z) is diffeomorphic to (X(C), Σ(C)). Moreover, the characteristic membrane for U{n): U(n + k + 2)/U(n + k) is frame cobordant to a framed submanifold of d(Y),
In the next section we will assume that Y is D 4fc+7 , and we will contradict the existence of extension by proving the impossibility for F 4fc+5 of being frame cobordant to a submanifold of S 4fc + 6 .
4* Main theorem (complex case)* This section contains the statement and proof of the main result for U(n) acting on V n+k + 2>2 (C).
We will study separately the cases k = 0 and k = 2 because in those cases y 4 *+ 5 is a trivial disk bundle. Then k even k ^ 4 and finally ft odd. It is not hard to see that ψ gives the desired diffeomorphism.
In § 3 we defined ^{dX, Σ) as the set of framed cobordism classes of framed submanifolds of dX cobounding Σ(C). Now we are going to define a function 
) = (a((ix)y), a(y)) .
The map φ is a diffeomorphism onto F 13 . As in the case k = 0 we define γ, x :
EXTENSION OF ACTIONS ON STIEFEL MANIFOLDS
can not be in the image of the suspension homomorphism. Therefore we have THEOREM 4.2. The U(n) action on U(n + 4)/U(n + 2) can not be extended to a biaxial O(2n) action with orbit space diffeomorphic to D 16 .
be the projection on the second factor. Note that when k is even we have a section
It is not hard to see that the map p:
is a disk bundle projection characterized by a generator of π 2k+2 (SO(2k + 2)) ^ Z 4 . (SO(2k + 3) ) which is Z 2 for k even, k ^ 4 (Kervaire [11] ). This contradicts the known fact (see Haefliger [6] ) that any S 2 ** 3 embedded in S" k+6 is unknotted.
We observe that from the above proof and Theorem 11.2 (Bredon [4] ) it follows that there does not exist, for n + k even, n + k ^ 4 a biaxial O(2n) action on V n+k+2>2 {C) with orbit space diffeomorphic to a disk.
Case 4. fc odd. This case follows easily from the even one. Proof. If U(n): U(n + k + 2)/U(n + k) were the restriction of an O(2n) biaxial action then U(n -1): U(n -1 + (A; + 1) + 2)/U(n1 + (fc + 1)) would be the restriction of an O(2n -2) biaxial action, but this is a contradiction because fc + 1 is even. REMARK 1. In the preceding theorems we assumed that the O(2ri) biaxial extension had orbit space diffeomorphic to a disk. It can be proved that this is no restriction. In fact, if U(n): U(n + k + 2)1 U{n + k) is the restriction of a biaxial O(2n) action, U(n -1):
) is the restriction of a biaxial O(2n -2) action, but since the orbit spaces of the U(n) and U(n -1) actions are disks we have that the orbit spaces of the O(2n) and 0{2n -2) actions are contractible. Following the same kind of arguments as in Bredon [4] , Chapter V we can prove that the boundary of
is simply connected, hence it is a disk. Therefore we get a contradition. REMARK 2. Since the classification theorem for SO(n) biaxial actions is the same that the one for O(ri), n > 3, in the preceding theorems was proved that the U(n) action on V n+k+2y2 (C) can not be extended to a biaxial S0(2n) action. A natural question is the following: Can the U(n) action on V n+k+2 , 2 (C) be extended to SO(2n)Ί The next proposition answer almost completely the question. PROPOSITION 4.3. Given k, n, such that n 2 -5n > 4fc + 4 the U(n) action on V n+k+2 , 2 (C) can not be extended to S0(2n) (therefore to O(2n) ).
Proof. Suppose there exists such an extension and let x be a fixed point for the U(n) action. Then the connected component of the isotropy subgroup of x, (S0(2n) x )°, contains the maximal torus of S0(2n). Let Z be the center of (S0(2n) x )°, then [2] where N Sfn2 n)(Z) denotes the normalizer of Z in S0(2n).
The center Z must be Z 2 (therefore x fixed) otherwise (S0(2n) x )°w ould be U(n) which is impossible by dimensional reasons. Now, the tangential representation at x of S0(2n) must be 2σ 2n + 0 4fc+4 because restricted to U(n) is 2σ n + θ 4k+i therefore the principal orbit type is SO(2n)/SO(2n -2). After these considerations the biaxiality of the S0(2n) action follows from a theorem of Hsiang (see Hsiang [8] ), therefore a contradiction. 5* Biaxial Sp(ri) manifolds. Let us consider the left translation action of Sp(n) c Sp(n + k + 2) on the quaternionic Stiefel manifold Sp(n + k + 2)/Sp(n + k). It is not hard to prove, using the same kind of arguments as the ones we used to prove the results of § 3, the following theorem.
Then, the cobordism class of the pair (V 8k+n , J^~) is the element that corresponds (via Theorem 13.3, Bredon [4] ) to the action of Sp(n) on Sp(n + k + 2)/Sp(n + fc).
Assume that the action of Sp(n) on Sp(n + fc + 2)/Sp(n + fc) can be extended to a π-biaxial action of U(2n) such that the orbit space Sp(n + k + 2)jSp{n + k)/U(2n) is homeomorphic to j9 (the brackets denote framed cobordism classes). Our main objective is to show that the last equality gives us a contradiction. We cannot use here the same kind of argument we used in § 4 for the U(n) case, because, even when V 8k+n is still a disk bundle over a sphere we do not have (at least for an infinite family of ft's) nontrivial cross sections (see James [9] , [10] is frame cobordant to a
